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  Books	
  



Algorithms	
  and	
  Formula2ons	
  

q  FLASH’s	
  hydro/MHD	
  solves	
  conserva2on	
  laws	
  using	
  a	
  finite-­‐volume	
  (FV)	
  
approach	
  
q  Highly	
  compressible	
  flows	
  with	
  shocks	
  and	
  disconKnuiKes	
  
q  DifferenKal	
  (smooth)	
  form	
  of	
  PDE	
  becomes	
  invalid	
  
q  Integral	
  form	
  of	
  PDE	
  relaxes	
  the	
  smoothness	
  assumpKons	
  and	
  seeks	
  for	
  

weak	
  soluKons	
  over	
  control	
  volumes	
  and	
  their	
  boundaries	
  
q  Basics	
  of	
  FV	
  formula2on	
  (1D):	
  



Algorithms	
  and	
  Formula2ons	
  

q  Integral	
  Form	
  of	
  PDE:	
  

q  Volume	
  averaged	
  cell	
  centered	
  quan2ty	
  and	
  2me	
  averaged	
  flux:	
  

q  Finite	
  wave	
  speed	
  in	
  hyperbolic	
  system:	
  	
  
*	
  High-­‐order	
  reconstrucKon	
  in	
  space	
  &	
  Kme	
  
*	
  Riemann	
  problems	
  at	
  each	
  interface	
  

q  General	
  difference	
  equa2on	
  in	
  conserva2on	
  form:	
  



Algorithms	
  and	
  Formula2ons	
  

q  Mul2dimensional	
  hyperbolic	
  system	
  in	
  conserva2on	
  laws:	
  

q  2D	
  discrete	
  form:	
  

q  Two	
  approaches:	
  
q  Direc2onally	
  “split”	
  
q  Direc2onally	
  “unsplit”	
  



Split	
  Formula2on	
  

q  Direc2onally	
  split	
  (1st	
  order	
  Godunov;	
  2nd	
  order	
  Strang	
  spli\ng)	
  

	
  
	
  
	
  	
  	
  	
  	
  	
  è	
  
	
  
	
  

q  1st	
  order:	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  or	
  	
  
	
  
q  2nd	
  order:	
  

q  Direc2onal	
  spli\ng	
  scheme	
  is	
  easy	
  to	
  implement	
  to	
  extend	
  1D	
  to	
  
mul2dimensional	
  scheme.	
  It	
  is	
  robust	
  and	
  accurate	
  in	
  general.	
  	
  



Unsplit	
  Formula2ons	
  

q  Direc2onally	
  unplit	
  (1st	
  order	
  Donor	
  Cell;	
  2nd	
  order	
  Corner-­‐Transport-­‐
Upwind)	
  
q  1st	
  order	
  Donor	
  cell	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  vs.	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  2nd	
  order	
  CTU	
  

	
  
q  Stability	
  limit:	
  



Unsplit	
  Formula2ons	
  

q  Direc2onally	
  unplit	
  (1st	
  order	
  Donor	
  Cell;	
  2nd	
  order	
  Corner-­‐Transport-­‐
Upwind)	
  
q  1st	
  order	
  Donor	
  cell	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  vs.	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  2nd	
  order	
  CTU	
  

	
  
q  Stencil:	
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Hydro	
  Comparison	
  between	
  Split	
  vs.	
  Unsplit	
  

q  Single-­‐mode	
  Rayleigh-­‐Taylor	
  instability	
  
	
  	
  	
  	
  	
  	
  	
  by	
  Almgren	
  et	
  al	
  (ApJ,	
  715,	
  2010)	
  
	
  
q  Top:	
  split	
  schemes	
  

q  PLM	
  (2nd	
  order)	
  	
  
q  PPM	
  +	
  old	
  slope	
  limiter	
  (3rd	
  order)	
  
q  PPM	
  +	
  new	
  slope	
  limiter	
  (3rd	
  order)	
  
q  high-­‐wavenumber	
  instability	
  grows	
  

due	
  to	
  experiencing	
  high	
  
compression	
  and	
  expansion	
  in	
  
each	
  direc2onal	
  sweep	
  

q  Boeom:	
  unsplit	
  schemes	
  
q  PLM	
  
q  PPM	
  +	
  old	
  slope	
  limiter	
  
q  PPM	
  +	
  new	
  slope	
  limiter	
  
q  High-­‐wavenumber	
  instabili2es	
  are	
  

suppressed	
  



MHD	
  Comparison	
  between	
  Split	
  vs.	
  Unsplit	
  

q 	
  Weakly	
  magne2zed	
  Field	
  loop	
  advec2on	
  in	
  2.5D	
  
q 	
  Gardiner	
  &	
  Stone	
  2005	
  (JCP);	
  Lee	
  and	
  Deane	
  2009	
  (JCP)	
  



q 	
  8-­‐wave	
  split	
  MHD	
  
scheme	
  (Powell	
  et	
  al.	
  
1999)	
  at	
  t=2.0	
  

q 	
  Unsplit	
  staggered	
  
mesh	
  MHD	
  scheme	
  
(Lee	
  and	
  Deane,	
  2009)	
  
at	
  t=2.0	
  

MHD	
  Comparison	
  between	
  Split	
  vs.	
  Unsplit	
  



q 	
  What	
  is	
  wrong	
  with	
  the	
  split	
  formula2on	
  for	
  MHD?	
  
q 	
  In	
  the	
  split	
  formula2on,	
  you	
  cannot	
  correctly	
  include	
  terms	
  propor2onal	
  to	
  

q 	
  Gardiner	
  and	
  Stone	
  (2005)	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
q 	
  Dynamics	
  of	
  in-­‐plane	
  magne2c	
  fields	
  in	
  x	
  and	
  y	
  direc2ons	
  are	
  ruined	
  from	
  
erroneous	
  growth	
  of	
  magne2c	
  field	
  in	
  z	
  direc2on:	
  

MHD	
  Comparison	
  between	
  Split	
  vs.	
  Unsplit	
  



Convergence,	
  Stability,	
  and	
  Consistency	
  

q  Lax	
  equivalence	
  theorem	
  (for	
  linear	
  problem;	
  1956)	
  
q  The	
  only	
  convergent	
  schemes	
  are	
  those	
  that	
  are	
  both	
  consistent	
  and	
  

stable!	
  
q  Hard	
  to	
  show	
  that	
  the	
  numerical	
  solu2on	
  converges	
  to	
  the	
  original	
  

solu2on	
  of	
  the	
  PDE;	
  rela2vely	
  easy	
  to	
  show	
  consistency	
  and	
  stability	
  
of	
  numerical	
  schemes	
  

q  In	
  prac2ce,	
  non-­‐linear	
  problems	
  adopts	
  the	
  linear	
  theory	
  as	
  guidance	
  
q  Analy2cal	
  solu2on	
  if	
  any	
  
q  Grid	
  resolu2on	
  (self-­‐convergent)	
  test	
  



Grid	
  resolu2on	
  test	
  for	
  smooth	
  solu2on	
  



Comparison	
  with	
  exact	
  solu2on	
  



Riemann	
  Problems	
  and	
  Godunov	
  Method	
  

q  The	
  Riemann	
  problem:	
  

	
  
	
  
q  Two	
  cases:	
  



Riemann	
  Problems	
  and	
  Godunov	
  Method	
  

q  The	
  Riemann	
  fan:	
  



Riemann	
  Problems	
  and	
  Godunov	
  Method	
  

q  Godunov’s	
  innova2ve	
  method	
  (1959)	
  to	
  solve	
  non-­‐linear	
  conserva2ve	
  
system	
  using	
  the	
  exact	
  solu2on	
  of	
  the	
  Riemann	
  problem	
  at	
  intercell	
  
boundaries	
  



Riemann	
  Problems	
  and	
  Godunov	
  Method	
  

q  Godunov’s	
  innova2ve	
  method	
  (1959)	
  to	
  solve	
  non-­‐linear	
  conserva2ve	
  
system	
  using	
  the	
  exact	
  solu2on	
  of	
  the	
  Riemann	
  problem	
  at	
  intercell	
  
boundaries	
  



Godunov	
  Theorem	
  and	
  high-­‐order	
  schemes	
  

q  Godunov’s	
  “order-­‐barrier”	
  theorem	
  (1959)	
  says:	
  
q  If	
  an	
  advec2on	
  scheme	
  (of	
  PDE)	
  preserves	
  the	
  monotonicity	
  of	
  the	
  

solu2on	
  it	
  is	
  at	
  most	
  first-­‐order	
  accurate!	
  
q  Second	
  or	
  higher	
  order	
  schemes	
  are	
  NOT	
  monotone	
  and	
  will	
  generate	
  

oscilla2ons	
  
q  Discouraging	
  and	
  seems	
  to	
  be	
  doomed	
  to	
  improve	
  any	
  advec2on	
  

scheme	
  of	
  PDE!	
  
q  Linear	
  theory	
  is	
  assumed!	
  

q  Good!	
  High-­‐resolu2on	
  scheme	
  became	
  possible	
  using	
  non-­‐linear	
  schemes	
  
q  70’s	
  and	
  80’s:	
  Boris,	
  van	
  Leer,	
  Zalesak,	
  Woodward,	
  Colella,	
  Harten,	
  

Shu,	
  Engquist,	
  etc.	
  
q  Use	
  of	
  slope	
  limiters	
  (e.g.,	
  Koren,	
  van	
  Leer)	
  
q  MUSCL-­‐Hancock,	
  Piecewise	
  Parabolic	
  Method	
  (PPM),	
  ENO,	
  WENO,	
  etc.	
  	
  



Godunov	
  Theorem	
  and	
  high-­‐order	
  schemes	
  

q  Slope	
  limiters:	
  



Godunov	
  Theorem	
  and	
  high-­‐order	
  schemes	
  

q  Slope	
  limiters:	
  

q  Examples:	
  
q  Minmod,	
  van	
  Leer,	
  MC,	
  Superbee	
  



Riemann	
  Solvers	
  

q  Exact	
  Riemann	
  solvers	
  
q  Involves	
  itera2ons	
  for	
  pressure	
  to	
  seek	
  for	
  a	
  solu2on	
  over	
  the	
  

Riemann	
  fan	
  
q  Very	
  accurate	
  in	
  general	
  but	
  it	
  can	
  be	
  defec2ve	
  without	
  converging	
  

q  Approximate	
  Riemann	
  solvers	
  
q  No	
  itera2ons	
  needed	
  
q  Rusanov	
  (local	
  Lax-­‐Friedrichs)	
  
q  HLL*-­‐type	
  (HLLE,	
  HLLC	
  for	
  hydro/MHD;	
  HLLD	
  for	
  MHD)	
  
q  Roe	
  solver	
  
q  Hybrid	
  method	
  (e.g.,	
  HLL	
  +	
  Roe;	
  HLL	
  +	
  HLLD)	
  
q  Plays	
  a	
  crucial	
  role	
  to	
  determine	
  solu2on	
  stability	
  and	
  accuracy!	
  	
  



Riemann	
  Solvers	
  

LLF	
  

HLLC	
   Roe	
  

HLL	
  



Diffusive	
  Terms	
  and	
  Implicit	
  Treatments	
  

q  Fact:	
  

q  Diffusive	
  2me	
  scale	
  dominates	
  as	
  refinement	
  level	
  increases	
  

	
  
q  The	
  need	
  of	
  overcoming	
  small	
  diffusive	
  2me	
  scale:	
  

q  Explicit	
  super-­‐2me-­‐stepping	
  algorithm	
  
q  Operator	
  split	
  semi-­‐implicit	
  (using	
  HYPRE)	
  
q  Fully	
  implicit	
  2me	
  stepping	
  (Jacobian-­‐Free	
  Newton-­‐Krylov)	
  algorithms	
  

ΔtDiffusion ≈ Δx
2;   ΔtAdvection ≈ Δx



Fully	
  Implicit	
  JFNK	
  Solver	
  in	
  FLASH	
  

q  NSF Grant award (PHY-0903997) for fiscal years 2009 – 2011, $400K 
q  Dongwook Lee (PI), Shravan Gopal 

q  Jacobian-Free Newton-Krylov implicit scheme (e.g., Knoll and Keys 
2004; Toth et al. 2006) 
q  2nd order accurate in space and time to solve  
q  GMRES iteration to seek solutions in Krylov subspace 
q  Hybrid method of using both Explicit/Implicit blocks in a computational domain 
q  Requires load balancing between two different explicit/implicit types of blocks 

q  Schwarz-type preconditioner 
q  Preconditioner to accelerate convergence rates for iterative solution 
q  Off-processor data may be needed 
q  Schwarz-type preconditioner minimizes the need for off-processor data 
q  Efficient approach in FLASH’s block-structured AMR 

q  The implicit solver will extend FLASH’s capability to overcome small 
diffusive time scales in both astrophysical and HEDP applications 

bx =A



Anisotropic	
  Heat	
  Conduc2on	
  Test	
  for	
  HEDP	
  

q 	
  MHD	
  Rotor	
  test	
  with	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  for	
  a	
  cold	
  plasma	
  regime	
  
7105×=cχ

q 	
  For	
  hot	
  plasmas,	
  a	
  full	
  Spitzer	
  conduc2vity	
  can	
  be	
  used	
  

Anisotropicè	
  

Isotropicè	
  

T	
  &	
  B-­‐field	
  lines	
  



1D	
  Sinusoidal	
  Wave	
  Advec2on	
  

CFL=10	
  (2	
  iter	
  
with	
  PC)	
  

u=1	
  

Red	
   t=0	
  

Blue	
   t=2	
  

Green	
   t=4	
  

Magenta	
   t=6	
  

Black	
   t=8	
  

Red	
   t=10	
  

∂χ
∂t

+u∂χ
∂x

= 0,   a =1 



1D	
  Thermal	
  Conduc2on	
  

Scheme	
   CFL	
   steps	
  

Explicit	
  
(Red)	
   0.8	
   19,256	
  

Implicit	
  
(Blue)	
   0.8	
   19,256	
  

Implicit	
  
(pink)	
   10	
   1556	
  

Implicit	
  
(black)	
   100	
   174	
  

Implicit	
  
(green)	
   1000	
   39	
  



2D	
  Thermal	
  Conduc2on	
  (4	
  blocks)	
  

Implicit	
  JFNK,	
  GMRES	
  with	
  ILU(0)	
  
L2	
  Error	
  Norm:	
  	
  1.95319e-­‐3	
  

	
  

HYPRE	
  with	
  PCG	
  and	
  ILU(0)	
  
L2	
  Error	
  Norm:	
  1.95318e-­‐3	
  



The	
  Biermann	
  Baeery	
  Effects	
  

q  Cosmic	
  magne2c	
  fields	
  are	
  ubiquitous,	
  but	
  their	
  origins	
  remain	
  unclear	
  

q  Biermann	
  beeery	
  term	
  is	
  important	
  in	
  recrea2ng	
  cosmic	
  condi2ons	
  within	
  
the	
  lab	
  and	
  in	
  computa2ons	
  

q  Magne2c	
  fields	
  are	
  important	
  because	
  they	
  modify	
  transport	
  process,	
  
accelerate	
  par2cles	
  and	
  exert	
  body	
  forces	
  

q  Baeery	
  term	
  can	
  play	
  an	
  important	
  role	
  in	
  seeding	
  magne2c	
  fields	
  in	
  HEDP	
  
simula2ons	
  

q  In	
  FLASH’s	
  single-­‐fluid	
  radia2on-­‐hydro	
  model	
  with	
  3T,	
  a	
  simple	
  baeery	
  
approxima2on	
  is	
  available	
  (Kulsrud	
  2004;	
  Xu	
  2008)	
  assuming:	
  
q  Charge	
  neutrality,	
  LTE,	
  a	
  constant	
  degree	
  of	
  ioniza2on	
  in	
  space	
  
q  For	
  more	
  complicated	
  HEDP	
  described	
  by	
  non-­‐LTE,	
  two-­‐fluid	
  model	
  is	
  required	
  

−
∂Β
∂t

=∇× U ×B( )+ c∇ne ×∇pe
ne
2e



Generalized	
  Ohm’s	
  Law	
  

q  The	
  (yet	
  simplified)	
  generalized	
  Ohm’s	
  law	
  can	
  be	
  wrieen	
  
	
  assuming	
  high	
  collisions	
  in	
  MHD	
  single	
  fluid	
  theory	
  and	
  dropping	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  

	
  	
  	
  	
  	
  	
  	
  	
  the	
  electron	
  iner2a	
  term	
  
	
  
	
  
	
  
q  Ideal	
  MHD	
  uses	
  IT	
  only	
  (magne2c	
  flux	
  freezing,	
  both	
  ions	
  and	
  

electrons	
  are	
  glued	
  to	
  the	
  low-­‐frequency	
  fluid-­‐like	
  field	
  lines)	
  
q  OT	
  can	
  be	
  ignored	
  for	
  large	
  magne2c	
  Reynolds	
  number	
  
q  Both	
  Hall	
  and	
  Baeery	
  terms	
  can	
  be	
  dropped	
  if	
  the	
  Lamor	
  gyra2on	
  

radius	
  of	
  ions	
  is	
  much	
  smaller	
  than	
  the	
  length	
  scale	
  (therefore	
  no	
  
charge	
  separa2on)	
  

q  HT	
  becomes	
  more	
  important	
  than	
  BT	
  for	
  high	
  plasma	
  beta:	
  

E = −
u×B
c

Induction Term


+
j
σ

Ohmic Term


+
j ×B
cnee

Hall Term


−
∇pe
nee

Battery Term


BT
HT

=
∇pe ene
j ×B ene

≈ β
LB
Lp



Unit	
  System	
  and	
  Conversions	
  

q  The	
  default	
  unit	
  in	
  FLASH	
  is	
  cgs	
  for	
  physical	
  variables	
  such	
  as	
  density,	
  
pressure,	
  etc.	
  	
  

q  For	
  electromagne2c	
  variables,	
  FLASH	
  has	
  a	
  convenient	
  unit	
  in	
  that	
  
magne2c	
  permeability,	
  electric	
  permi\vity,	
  the	
  speed	
  of	
  light	
  and	
  the	
  
factor	
  4pi	
  are	
  absorbed	
  into	
  the	
  physical	
  variables	
  

	
  
q  To	
  simulate	
  in	
  gaussian	
  cgs,	
  FLASH	
  needs	
  to:	
  

q  Ini2alize:	
  
q  Visualize:	
  

Bnone → Bnone 4π
Bchk → 4πBchk,  where Bchk = Bnone 4π



The	
  FLASH	
  Code:	
  Hydro	
  Unit	
  in	
  FLASH	
  

Hydro_Unsplit	
  



The	
  FLASH	
  Code:	
  Hydro	
  Unit	
  in	
  FLASH	
  

Hydro_Unsplit	
  



The	
  FLASH	
  Code:	
  Hydro	
  Unit	
  in	
  FLASH	
  

Hydro_Unsplit	
  

SubmiTed	
  to	
  JCP,	
  2012	
  



Unsplit	
  Staggered	
  Mesh	
  (USM)	
  MHD	
  Solver	
  

q  Shock-­‐capturing	
  high-­‐order	
  Godunov	
  Riemann	
  solver	
  (Lee	
  &	
  Deane,	
  JCP,	
  
2009;	
  Lee	
  2012,	
  submieed)	
  

q Finite	
  volume	
  method,	
  adap2ve	
  mesh	
  refinement,	
  uniform	
  grid	
  
q New	
  data	
  reconstruc2on-­‐evolu2on	
  algorithm	
  for	
  high-­‐order	
  accuracy	
  
q 1st	
  order	
  Godunov,	
  2nd	
  order	
  MUSCL-­‐Hancock,	
  3rd	
  order	
  PPM,	
  5th	
  Order	
  

WENO	
  
q Approximate	
  Riemann	
  solvers:	
  Roe,	
  HLL,	
  HLLC,	
  HLLD,	
  Marquina,	
  modified	
  

Marquina,	
  Local	
  Lax-­‐Friedrichs	
  
q 	
  Monotonicity	
  preserving	
  upwind	
  PPM	
  slope	
  limiter	
  for	
  MHD	
  (Lee,	
  2010,	
  
Astronum)	
  

q Divergence	
  of	
  magne2c	
  fields	
  is	
  numerically	
  controlled	
  on	
  a	
  staggered	
  grid,	
  
using	
  a	
  constrained	
  transport	
  (CT)	
  method	
  (Evans	
  &	
  Hawley,	
  1998)	
  

q Wide	
  ranges	
  of	
  plasma	
  flows,	
  extended	
  to	
  HEDP	
  
q Full	
  Courant	
  stability	
  limit	
  (CFL	
  ~	
  1	
  for	
  3D)	
  using	
  corner-­‐transport-­‐upwind	
  

(CTU)	
  



MHD	
  Governing	
  Equa2ons	
  

q MHD	
  system	
  of	
  equaKons:	
  

q  This	
  can	
  be	
  wriTen	
  in	
  a	
  simple	
  	
  matrix	
  form:	
  



MHD	
  Governing	
  Equa2ons	
  

q  ConservaKve	
  variables	
  and	
  fluxes:	
  



General	
  Features	
  

q  New	
  approach	
  of	
  using	
  characterisKc	
  tracing	
  for	
  BOTH	
  normal	
  predictor	
  and	
  
transverse	
  corrector	
  

q  Reduced	
  3D	
  CTU	
  
q  A	
  direct	
  extension	
  of	
  2D	
  CTU	
  to	
  3D	
  
q  Requires	
  3	
  Riemann	
  solves	
  for	
  3D	
  (6-­‐ctu	
  needs	
  6	
  Riemann	
  solves)	
  
q  Only	
  including	
  second	
  cross	
  derivaKves	
  
q  CFL	
  limit	
  ~	
  0.5	
  

q  Full	
  3D	
  CTU	
  
q  Full	
  consideraKons	
  of	
  accounKng	
  for	
  third	
  cross	
  derivaKves	
  
q  Requires	
  3	
  Riemann	
  solves	
  for	
  3D	
  (12-­‐ctu	
  needs	
  12	
  Riemann	
  solves)	
  
q  CFL	
  limit	
  ~	
  1.0	
  
q  20%	
  relaKve	
  performance	
  gain	
  compared	
  to	
  reduced	
  3D	
  CTU	
  



Ideal	
  MHD	
  &	
  Solenoidal	
  Constraint	
  

Divergence-­‐Free	
  fields:	
  
Constrained	
  Transport	
  (CT)	
  MHD	
  



Constraint	
  Transport	
  Method	
  

q  CT	
  scheme	
  by	
  Balsara	
  and	
  Spicer,	
  1998:	
  



Constraint	
  Transport	
  Method:	
  Recall…	
  

q  ConservaKve	
  variables	
  and	
  fluxes:	
  



A	
  New	
  Upwind	
  Constraint	
  Transport	
  Method	
  

q  New	
  upwind	
  biased	
  modified	
  electric	
  field	
  construcKon(upwind-­‐MEC),	
  Lee	
  
2012:	
  



A	
  New	
  Upwind	
  Constraint	
  Transport	
  Method	
  

q  Small	
  angle	
  advecKon	
  of	
  the	
  2D	
  field	
  loop:	
  



A	
  New	
  Upwind	
  Constraint	
  Transport	
  Method	
  

q  Small	
  angle	
  advecKon	
  of	
  the	
  3D	
  field	
  loop:	
  



q  Three	
  CT	
  schemes	
  discussed:	
  
q  Standard	
  CT	
  scheme	
  by	
  Balsara	
  and	
  Spicer,	
  1998:	
  

q  Takes	
  a	
  simple	
  arithmeKc	
  averaging	
  
q  Lacks	
  numerical	
  diffusion	
  for	
  magneKc	
  fields	
  advecKon	
  

q  Modified	
  electric	
  field	
  construc2on	
  (MEC)	
  scheme	
  by	
  Lee	
  and	
  Deane,	
  
2009:	
  
q  3rd	
  order	
  accurate	
  in	
  space	
  
q  	
  Not	
  enough	
  numerical	
  diffusion	
  for	
  field	
  advecKon	
  

q  Upwind	
  biased	
  MEC	
  (upwind-­‐MEC)	
  scheme	
  by	
  Lee,	
  2012	
  (submieed)	
  
q  Upwind	
  scheme	
  of	
  MEC	
  
q  Added	
  numerical	
  diffusion	
  to	
  stabilize	
  field	
  advecKon	
  

Intermediate	
  Summary	
  I	
  



Numerical	
  Tests	
  



Numerical	
  Tests	
  



Numerical	
  Tests	
  



Run2me	
  Parameters	
  



Run2me	
  Parameters	
  



Intermediate	
  Summary	
  II	
  

q  Verifica2on	
  tests	
  for	
  the	
  reduced/full	
  3D	
  CTU	
  schemes:	
  

q  CFL=0.95	
  for	
  all	
  3D	
  simula2ons	
  using	
  the	
  full	
  CTU	
  scheme	
  

q  CFL=0.475	
  for	
  the	
  reduced	
  CTU	
  scheme	
  

q  They	
  both	
  converge	
  in	
  2nd	
  order	
  

q  20%	
  performance	
  gain	
  in	
  using	
  the	
  full	
  CTU	
  scheme:	
  

q  Various	
  choices	
  in	
  run2me	
  parameters	
  

CPUF−ctu

CPUR−ctu

≈ 0.8



Outline	
  &	
  Conclusion	
  

q  Broad	
  Ranges	
  of	
  Applica2ons	
  
q  Astrophysics	
  and	
  HEDP	
  

	
  
q  Algorithms	
  and	
  mathema2cs	
  

q  Governing	
  equaKons,	
  difference	
  equaKons	
  of	
  PDEs	
  
q  Dimensionally	
  Split	
  vs.	
  Unsplit	
  formulaKons	
  
q  Hydro	
  and	
  MHD	
  solvers	
  

q  High-­‐order	
  ReconstrucKons,	
  Riemann	
  problems,	
  physical	
  units	
  
q  Explicit	
  vs.	
  Implicit	
  schemes	
  
q  Beyond	
  the	
  hyperbolic	
  system	
  (diffusion,	
  source	
  terms,	
  Biermann	
  

baTery,	
  etc)	
  

q  Examples:	
  seWng	
  up	
  problems,	
  how	
  to	
  use	
  various	
  features	
  and	
  switches	
  

q  Summary	
  



Thank	
  You	
  

Ques2ons?	
  



New	
  Upwind	
  PPM	
  for	
  Slowly	
  Moving	
  Shock	
  

Upwind	
  PPM	
   5th	
  order	
  WENO	
  

Standard	
  PPM	
   Standard	
  PPM	
  with	
  increasing	
  By	
  

larger	
  By	
  



New	
  Upwind	
  PPM	
  for	
  Slowly	
  Moving	
  Shock	
  

Upwind	
  PPM	
   5th	
  order	
  WENO	
  

Standard	
  PPM	
   Standard	
  PPM	
  with	
  increasing	
  By	
  

Lee,	
  2010,	
  5th	
  Astronum	
  Proceeding;	
  	
  

Lee,	
  2011,	
  in	
  prepara2on	
  

larger	
  By	
  



Block	
  and	
  Mesh	
  Packages	
  

Uniform Grid AMR	
  with	
  variable	
  patch	
  
size	
  -­‐	
  CHOMBO	
  

❑  Mesh	
  package	
  can	
  be	
  selected	
  at	
  configuraKon	
  
Kme	
  

❑  The	
  basic	
  abstracKon	
  is	
  a	
  block	
  of	
  interior	
  cells	
  
surrounded	
  by	
  guard	
  cells	
  

❑  Grid	
  unit	
  makes	
  sure	
  that	
  blocks	
  are	
  self	
  
contained	
  before	
  being	
  given	
  to	
  the	
  solvers	
  

Oct	
  tree	
  based	
  AMR	
  -­‐	
  
PARAMESH	
  



Unsplit	
  Formula2ons	
  



q  A	
  primiKve	
  form:	
  

	
  	
  	
  	
  	
  	
  	
  
	
  	
  	
  	
  	
  	
  where	
  the	
  coefficient	
  matrix	
  is	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  

Linearized	
  System	
  



Corner	
  Transport	
  Upwind	
  (CTU)	
  



Corner	
  Transport	
  Upwind	
  (CTU)	
  

Normal	
  predictor	
   Transverse	
  corrector	
  



Corner	
  Transport	
  Upwind	
  (CTU)	
  

Normal	
  predictor	
   Transverse	
  corrector	
  

q 	
  TradiKonal	
  approach	
  (Colella	
  1990;	
  
Saltzman	
  1994)	
  

q CharacterisKc	
  tracing	
  for	
  the	
  
normal	
  predictor	
  
q Subsequent	
  calls	
  to	
  Riemann	
  
solvers	
  for	
  transverse	
  corrector	
  



Corner	
  Transport	
  Upwind	
  (CTU)	
  

Normal	
  predictor	
   Transverse	
  corrector	
  

q 	
  TradiKonal	
  approach	
  (Colella	
  1990;	
  
Saltzman	
  1994)	
  

q CharacterisKc	
  tracing	
  for	
  the	
  
normal	
  predictor	
  
q Subsequent	
  calls	
  to	
  Riemann	
  
solvers	
  for	
  transverse	
  corrector	
  

q 	
  New	
  approach	
  (Lee	
  and	
  Deane	
  
2009):	
  

q CharacterisKc	
  tracing	
  for	
  BOTH	
  
normal	
  predictor	
  and	
  transverse	
  
corrector!	
  



q  A	
  primiKve	
  form:	
  

	
  	
  	
  	
  	
  	
  	
  
	
  	
  	
  	
  	
  	
  where	
  the	
  coefficient	
  matrix	
  is	
  
	
  
	
  
	
  
	
  
	
  
q  First	
  consider	
  the	
  evoluKon	
  in	
  the	
  x-­‐normal	
  direcKon	
  and	
  treat	
  the	
  normal	
  

magneKc	
  field	
  separately	
  from	
  the	
  other	
  variables:	
  
	
  
	
  
	
  
	
  

Linearized	
  System,	
  cont’d	
  

ç	
  Normal	
  predictor	
  

ç	
  MHD	
  source	
  term	
  



Single-­‐step	
  data	
  Reconstruc2on-­‐evolu2on	
  in	
  USM	
  



Characteris2c	
  tracing	
  for	
  Transverse	
  corrector	
  

q  A	
  jump	
  relaKonship:	
  



Reduced	
  3D	
  CTU	
  in	
  USM	
  



Full	
  3D	
  CTU	
  in	
  USM	
  


